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Abstract

A positive de�nite symmetric matrix � quali�es as a quantum me-
chanical covariance matrix if and only if � + 1

2 i~
 � 0 where 
 is the
standard symplectic matrix. This well-known condition is a strong ver-
sion of the uncertainty principle, which can be reinterpreted in terms
of the topological notion of symplectic capacity, closely related to Gro-
mov�s non-squeezing theorem. We show that a recent re�nement of
the latter leads to a new class of geometric invariants. These are the
volumes of the orthogonal projections of the covariance ellipsoid on
symplectic subspaces of the phase space. We compare these geometric
invariants to the algebraic �universal quantum invariants�of Dodonov
and Sera�ni.

1 Introduction

We consider a continuous variable system with n degrees of freedom de-
scribed by a Hermitian positive operator b� on L2(Rn) with trace one. The
phase space of the system is identi�ed with R2n � Rnx � Rnp equipped with
the standard symplectic structure z ^ z0 = (z0)T
z where z = (x; p) and


 =

�
0 I
�I 0

�
. We will prove in this paper the following geometric result:

let F2k be an arbitrary symplectic subspace of R2n, and denote by �F2k
�maurice.de.gosson@gmail.com
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the orthogonal projection operator of R2n onto F2k. Let � be a covariance
matrix satisfying the uncertainty problem in its strong form � + 1

2 i~
 � 0
and let W� :

1
2z
T��1z � 1 be the covariance ellipsoid of the system. Let us

project this ellipsoid on F2k. The volume of this projection satis�es

Vol(�F2kW�) �
hk

2kk!
:

In particular, if F2k is a plane of conjugate variables xj , pj (hence k = 1) the
projection is an ellipse of area not inferior to 1

2h, which is a geometric form
of the uncertainty principle as we have shown in previous work ([5, 6, 7, 10]).
In addition we compare our results to Dodonov�s and Sera�ni�s �quantum
universal invariants� [3, 14, 15], which comforts us in our belief that the
�Angel of Geometry�should always be preferred to the �Demon of Algebra�
in conceptual questions.

Acknowledgement 1 The author has been �nanced by the Austrian Re-
search Agency FWF (Projektnummer P20442-N13).

2 Strong Form of the Uncertainty Principle

In what follows we will write the covariance matrix as

� =

�
�XX �XP
�TXP �PP

�
(1)

where �XX = (�XjXk)1�j;k�n, �XP = �TPX = (�XjPk)1�j;k�n, �PP =
(�PjPk)1�j;k�n are n� n matrices (�XX and �PP are symmetric).

A strong form of the uncertainty principle reads

� + 1
2 i~
 � 0 (2)

which is shorthand for saying that the Hermitian matrix � + 1
2 i~
 is pos-

itive semide�nite. It is well-known that this condition implies (but is not
equivalent to) the Robertson�Schrödinger inequalities

�2Xj�
2
Pj � �

2
XjPj +

1
4~
2 (3)

where �2Xj = �XjXj and �
2
Pj
= �PjPj . It also implies that the covariance

matrix is positive de�nite. The symplectic spectrum of � is de�ned as fol-
lows: the product 
� is similar to the antisymmetric matrix �1=2
�1=2

whose eigenvalues are of the type �i�j , �j > 0. The symplectic spectrum of
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the covariance matrix is then the sequence (�1; :::; �n); the numbers �j are
called the symplectic eigenvalues of �. An important property is that the �j
are symplectic invariants, i.e. they do not change under linear symplectic
changes of coordinates. This is because the eigenvalues of 
(ST�S) are the
same as those of 
� since 
(ST�S) = S�1(
�)S in view of the relation
S
ST = 
 characterizing linear symplectic transformations.

3 Topological Form of the UP

We have shown in [7, 11, 8] that condition (2) is equivalent to

cGR(W�) � �~ = 1
2h (4)

where cGR(W�) is the Gromov width (or: symplectic capacity [6, 11]) of the
covariance ellipsoid W� :

1
2z
T��1z � 1. The argument goes as follows: the

Gromov width c(W ) of a subset W of phase space R2n is the supremum of
all numbers �R2 such that the ball BR : jzj � R can be send inside W using
symplectic transformations, linear or not (the notion is related to Gromov�s
famous symplectic non-squeezing theorem [12] from 1985; see [6, 11, 10] for
a review). In view of Williamson�s diagonalization theorem [16] there exists
S 2 Sp(2n;R) such that

ST�S =

�
� 0
0 �

�
where � is the diagonal matrix consisting of the symplectic eigenvalues
�j , j = 1; :::; n, of the eigenvalues of the covariance matrix. Symplectic
capacities are symplectic invariants, hence it is su¢ cient to assume that

� =

�
� 0
0 �

�
which reduces the proof to the case where the ellipsoid W� is

given by
nX
j=1

1

2�j
(x2j + p

2
j ) � 1: (5)

Assume now that we can squeeze the ball BR inside W�; this requires that
the projection of that ball onto each plane xj ; pj of conjugate coordinates
has radius R �

p
2�j , for each j and hence R �

p
2�min where �min =

inff�1; :::; �ng; it follows that c(W�) = ��min. To prove the inequality (4) it
is thus su¢ cient to show that �min � 1

2~. We now exploit the condition (2).
Noting that the matrix � + 1

2 i~
 � 0 is similar to +1
2 i~�

�1=2
��1=2 this
condition equivalent to

I + 1
2 i~�

�1=2
��1=2 � 0:
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The characteristic polynomial of the matrix in the left hand side is a product

P (t) = P1(t) � � � Pn(t) (6)

of quadratic polynomials

Pj(t) = t
2 � 2t+ 1� ~2

4�2j
; (7)

it follows that all the eigenvalues of that matrix are non-negative if and only
if 1 � ~2=4�2j for all j = 1; :::; n, that is is to

�j �
1

2
~: (8)

4 The Symplectic Camel

One way of stating Gromov�s symplectic non-squeezing theorem is the fol-
lowing: consider the phase space ball BR : jzj � R; the orthogonal projec-
tion of BR on any of the conjugate coordinates planes xj ; pj is the circle
x2j + p

2
j � R2, which has area �R2. Suppose we deform BR using a canon-

ical transformation f ; the set f(BR) will have same volume as BR (Liou-
ville�s theorem), but, in addition, the orthogonal projection of f(BR) on the
planes xj ; pj will always have an area at least equal to �R2 (but the area
of the projection on planes of non-conjugate variables can take arbitrarily
small values). An extension of the non-squeezing theorem has recently be
proved by Abbondandolo and Matveyev [1]. It is well-understood only in
the linear (and a¢ ne) case, but this is su¢ cient for our purposes. Let R2k
(1 � k � n) be a symplectic subspace of R2n. This means that the restric-
tion of the symplectic product ^ to R2k is non-degenerate, and hence itself
a symplectic product. An elementary example is the set of all coordinates
f(x1; :::; xk; p1; :::; pk)g; in fact every symplectic subspace can be obtained
from the latter using linear symplectic transformations. Let us denote by
B2k(R) the ball with radius R centered at the origin in R2k; its volume is
(�R2)k=k!. Let now �k be the orthogonal projection of R2n onto R2k; ob-
viously �kB2n(R) = B2k(R). What Abbondandolo and Matveyev prove is
that for very S in Sp(2n;R) following inequality holds:

Vol�k(SB
2n(R)) � Vol�k(B2n(R)) =

(�R2)k

k!
: (9)

When k = n this inequality is trivial (it actually becomes an equality be-
cause symplectic transformations are volume-preserving), and for k = 1 it
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is a reformulation of Gromov�s non-squeezing theorem in the linear case.
The interesting point with this formula is that it provides us with a state-
ment valid for middle-dimensional symplectic spaces. Abbondandolo and
Matveyev give an example in [1] showing that the inequality (9) is not always
true for k between 1 and n if we replace S by an arbitrary non-linear symplec-
tic transformation; their counterexample is however of a rather pathological
nature, so one may conjecture that (9) holds for quite large classes of non-
linear symplectic transformations. This conjecture has not yet been proved,
and is an active area of research.

5 Geometric Invariants: the Main Result

The inequality (9) allows us to prove the main result of this paper: assume
that we project orthogonally the covariance ellipsoid W� :

1
2z
T��1z � 1

on a 2k-dimensional symplectic subspace F2k of R2n; the projection is an
ellipsoid �F2kW� in F2k whose volume

Vol(�F2kW�) =
(2�)k

k!
�1 � � � �k (10)

satis�es the inequality

Vol(�F2kW�) �
hk

2kk!
(11)

We �rst remark that it su¢ ces to prove the inequality (11) for one
2k-dimensional symplectic subspace F2k for it will then hold for all such
subspaces. Let in fact F02k be another such subspace with same dimen-
sion, and choose symplectic bases B2k = fe1; :::; ek; f1; :::; fkg and B02k =
fe01; :::; e0k; f 01; :::; f 0kg of F2k and F02k, respectively (i.e. ei ^ ej = fi ^ fj = 0,
fi ^ ej = �ij for 1 � i; j � k, and similar relations for the elements of
B0k). Completing B2k and B02k to full symplectic bases B2n and B02n of R2n
(the �symplectic Gram-Schmidt theorem�, see e.g. [6], Ch. 1) the linear
automorphism S of R2n de�ned by S(ej) = e0j , S(fj) = f 0j for 1 � j � n
is symplectic, and so is its restriction Sk to the subspace F2k. Symplectic
mappings being volume preserving, Sk sends �F2kW� to an ellipsoid with
same volume as �F2kW�. Suppose now the covariance matrix diagonal of

the type � =
�
� 0
0 �

�
; then, choosing F2k = R2k, identi�ed with the set of

points (x1; :::; xk; p1; :::; pk), we have, using formula (5),

�R2kW� :
kX
j=1

1

2�j
(x2j + p

2
j ) � 1:
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The volume of this projected ellipsoid is

Vol(�R2kW�) =
(2�)k

k!
�1 � � � �k (12)

and the inequality (11) follows in this case since �j � 1
2~ for all indices

j. The general case (11) is easily deduced. We �rst note that in view of
the discussion of symplectic spaces above, the inequality (12) is preserved
if we replace R2k with an arbitrary symplectic subspace F2k. Next, writing
� = ST�S (Williamson�s diagonal form [16]) we have W� = STW�; the
claim now follows from the Abbondandolo and Matveyev inequality (9).

6 Discussion

In [14, 15] Sera�ni studies the �universal symplectic invariants�introduced
by Dodonov [3]. Working in units in which ~ = 2, he denotes by �nj the
principal minor of order 2j of 
�, i.e., the sum of the determinants of all the
principal submatrices of order 2j of 
� (by convention �n0 = 1). It is easy
to check that the numbers �nj are just the coe¢ cients of the characteristic
polynomial of the matrix 
�, and hence

�nj =
X
C(n;j)

0@ Y
k2C(n;j)

�2k

1A (13)

where the sum runs over all the possible combinations C(n; j) of j integers
� n. A rapid comparison of formulas (12) and (13) shows that the numbers
�nk are related to the volumes of the projections of the covariance ellipsoid
by the formula

�nj =

�
j!

(2�)j

�2 X
F2j2Sp2j

�
�F2jW�

�2
where Sp2k is the set of all n!=j!(n� j)! symplectic coordinate subspaces of
R2n.

The terms
�
�F2jW�

�2 which are of a geometric nature contain more in-
formation that the �nj which are de�ned in algebraic terms, and should thus
given a privileged status when studying invariants of continuous variables
quantum systems.
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